We prove that if the maximal dimension of an anisotropic homogeneous polynomial form of prime degree p over a field F with char(F) = p is a finite integer d greater than 1 then the symbol length of p-algebras of exponent p over F is bounded from above by
Introduction
A p-algebra is a central simple algebra of degree p m over a field F with char(F) = p for some prime number p and positive integer m.
It was proven in [Alb61, Chapter 7, Theorem 30] that every p-algebra of exponent p is Brauer equivalent to a tensor product of algebras of the form [α, β) p,F = F x, y : x p − x = α, y p = β, yx − xy = y for some α ∈ F and β ∈ F × . We call such algebras "symbol algebras". An equivalent statement was proven in [MS82] when char(F) p and F contains primitive pth roots of unity.
This means the group p Br(F) is generated by symbol algebras. The minimal number of symbol algebras required in order to express a given A in p Br(F) is called the symbol length of A. The symbol length of p Br(F) is the supremum of the symbol lengths of all A ∈ p Br(F). This number gives an indication of how complicated this group is, and due to the significance of this group, the symbol length has received special attention in papers such as [Flo13] and [Mat16] .
In [Mat16, Theorem 3 .4] it was proven that when char(F) p, F contains primitive pth roots of unity and the maximal dimension of an anisotropic homogeneous polynomial form of degree p over F is a finite integer d, the symbol length of A is at most d+1 p − 1. The case of p-algebras was also considered in that paper, but only over C m -fields, which involve assumptions on the greatest dimensions of anisotropic homogeneous polynomial forms of any degree, not only p.
We prove that when char(F) = p and the maximal dimension of an anisotropic form of degree p over F is a finite integer d greater than 1, the symbol length of A is at most d−1 p − 1. We obtain this bound by first proving that every two tensor products of symbol algebras
can be modified so that they share a common slot.
In the last section, we focus on the case of p = 2. We explain how the same argument holds in this case if we replace d with the u-invariant, i.e. the maximal dimension of an anisotropic nonsingular quadratic form over F, and why the upper bound
− 1 for the symbol length is sharp when I 3 q F = 0.
Preliminaries
We denote by M p (F) the p × p matrix algebra over F. For two given central simple algebras A and B over F, we write A = B if the algebras are isomorphic. We recall most of the facts we need on symbol algebras. For general background on these algebras see [Alb61, Chapter 7] .
We start with some basic symbol changes. In the following remark and lemmas, let p be a prime integer and F be a field with char(F) = p. We say that a homogeneous polynomial form ϕ over F is anisotropic if it has no nontrivial zeros.
Note that by Lemma 2.2 (a), we have [α,
Note that the elements x + z and y commute with the elements z and y −1 w, and that
. Now, the elements x + z and y + w satisfy (y + w) p = y p + w p = β + δ, and
Bounding the Symbol Length Proposition 3.1. Let p be a prime integer and let F be a field with char(F)
× where k is some positive integer. For each i ∈ {1, . . . , k}, write
C i where C 1 , . . . , C k are symbol algebras of degree p and
Then for each i ∈ {2, . . . , k}, we apply Lemma 2.3 (a) on the first and ith symbol algebras. The first algebra in the tensor product obtained after these modifications is [
to the left slot of the first algebra. That proves part (a).
f k u ) = 0, which means that the first algebra in the modified tensor product is a matrix algebra.
Let (0, v, f 1 , . . . , f k ) ∈ V such that the following elements are nonzero:
Then for each i ∈ {2, . . . , t} apply Lemma 2.3 (b) on the first and the ith symbol algebras. The first algebra in the resulting tensor product
× . Therefore at least one f i is nonzero. If there is one f i which is nonzero and N F[x i ]/F ( f i ) = 0 then the symbol algebra [α i , β i ) p,F contains a zero divisor and so it is a matrix algebra. Assume every nonzero f i has N F[x 1 ]/F ( f i ) 0. Without loss of generality we can assume f 1 , . . . , f t are nonzero for some t ∈ {1, . . . , k} and f i = 0 for i > t. Assume
for some s ∈ {1, . . . , t}. Assume s is minimal. Then we can change the tensor product so that the first algebra is [α ′ ,
Then the tensor product can be changed such that the first algebra is [α ′ , 
Proof. Let ϕ and ψ be the homogeneous polynomial forms of degree p as constructed in Proposition 3.1 for A and B respectively. If ϕ has a nontrivial zero then the first algebra in A can be assumed to be a matrix algebra, and so it can be written as [γ 1 , 1) p,F and the statement follows. Similarly, the statement follows when ψ has a nontrivial zero.
Assume that both forms are anisotropic. The form
is of dimension (k+ℓ)p+2 over F. By assumption, (k+ℓ)p+2 ≥ d + 1, which means that this form has a nontrivial zero, i.e. ϕ(u, v, f 1 , . . . ,
. By Proposition 3.1 (a) we can change both tensor products to have ϕ(1, 
Corollary 3.3. Let p be a prime integer and let F be a field with char(F) = p. Assume the maximal dimension of an anisotropic homogeneous polynomial form of degree p over F is a finite integer d greater than 1. Then the symbol length of p-algebras of exponent p over F is bounded from above by
Then it suffices to prove that for every tensor product [α i , β i ) p,F . By Theorem 3.2, since p(1 + (k − 1)) = kp ≥ d − 1 we can assume α 1 = α 2 , and so 
Quaternion Algebras
In this section we focus on the case of p = 2 and char(F) = 2. In this case, the symbol algebras are quaternion algebras. The corresponding homogeneous polynomial forms of degree p constructed in the previous section are now quadratic forms. Quadratic forms in this case are of the shape a 1 , b 1 , . . . , a r , b r , c 1 , bc] for c ∈ F × , so orthogonal sums of quadratic forms of the shape c [a, b] are also nonsingular.
Given
The maximal dimension of an anisotropic quadratic form over F is denoted bŷ u(F). The number d appearing in Theorem 3.2 and Corollary 3.3 is equal toû(F) when p = 2. The u-invariant of F, denoted by u(F), is the maximal dimension of an anisotropic nonsingular quadratic form over F. Clearly u(F) ≤û(F), and there are many examples in the literature where this inequality is strict (see for example [MTW91] ). Therefore, using u(F) instead ofû(F) gives a better upper bound for the symbol length in the case of p = 2. We now rephrase Theorem 3.2 and Corollary 3.3 in terms of u(F). 
Proof. The proof is essentially the same as in Theorem 3.2. One just has to note that the form ϕ(u, v, f 1 , . . . ,
This quadratic form is nonsingular of dimension (k + ℓ)2 + 2, which is greater than u(F). Hence it has a nontrivial zero, and the proof continues in the same manner as the other proof. Proof. Write u(F) = 2n for some positive integer n. The statement is clearly true when n = 1, so assume n ≥ 2. It is enough to find an algebra of exponent 2 over F whose symbol length is u(F) 2 − 1 = n − 1. By Lemma 4.3 there exists an anisotropic nonsingular form ϕ with trivial discriminant of dimension 2n. We claim that the symbol length of E(ϕ) is n − 1. Clearly it is no greater than n − 1. Suppose E(ϕ) is Brauer equivalent to a tensor product T of k quaternion algebras where k < n − 1. Then there exists some nonsingular form φ of dimension 2(k + 1) with trivial discriminant such that E(φ) = T . Since E(φ) and E(ϕ) are Brauer equivalent, the forms φ and ϕ are equivalent modulo I 3 q F. However, I 3 q F = 0, which means that φ and ϕ are Witt equivalent, but this is impossible because ϕ is anisotropic of dimension 2n and φ is of dimension 2(k + 1) < 2n. 
